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PREFACE. 



Plane Trigonometry was originally restricted to the 
investigation of the relations between the Elements of 
Plane Triangles. It is now extended to the investigation 
of the relations of Aros and Angles in general, and to the 
properties which connect the sides and angles of any plane 
rectilineal figure. 

The invention of Logarithms by Napier was a valuable 
aid to the practical application of Trigonometry, and it is 
now impossible to treat of the latter without devoting at 
least a short chapter to the former. 

Many of the existing Treatises on Trigonometry are 
wanting in connexion, and also omit to point out to the 
Student that there is a definite number of elementary 
relations connecting the Trigonometrical Batios, and fail 
to show in a systematic manner how they may be dis- 
covered. 

These remarks are made not with a design to criticize 
the works of others, but as an indirect apology for the 
production of the present Treatise. 



iv Preface. 

I have given the proof of the four fundamental f onnulsB 
as propounded to mj pupils during the past twenty-five 
jearSi and I cannot avoid expressing mj disapproval of 
the mutilation of the proof bj writers who have adopted 
it in part. 

EOBEET W. GMFFIN. 

19, Tbinitt Golleoz, Dttblik, 
Fehruo/ry^ 1883. 
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fLANE TRIGONOMETRY. 



CHAPTEE I. 

1. Division of the Circle. — ^If the oiroumferenoe of any 
circle be divided into 360 equal parts, the angle subtended 
at the centre by any one of these parts is called a degree. 
The sixtieth part of a degree is called a minutey and the 
sixtieth part of a minute is called a second. The symbols 
°, ', '', are used as abbreviations of the words degrees^ 
minutesy seconds. Thus 57° 17' 45" denote 57 degrees 
17 minutes 45 seconds. 

2. Metliod of comparing Angles. — In the same or 
in equal circles the angles at the centre are proportional to 
the arcs on which they stand (Eu. 33 YI.); <uid therefore 
angles are frequently compared by comparing the arcs 
which subtend them. 

3. Angular Unit. — The angle subtended at the centre 
of a circle by an arc of the circumference, equal in length 
to the radius (sometimes called a radian) ^ is taken as the 
angular unit; and the ratio of any other angle to the angular 
unit, or the ratio of the arc which subtends the angle to 
the radius, is called the circular measure of the angle. 

4. Ratio of €ircamference to Diameter. — ^The 
ratio of the circumference of a drole to its diameter, what- 

B 



2 Plane Trigonometry. 

ever be the diameter, is oonstant. The student muBt here 

take for granted that the numerical value of this ratio is 

nearly 3*14159, which for convenience we shall denote 

by IT. 

If C denote the ciroumference of a circle whose radius 

= r, then 

C C 

diameter 2r ' 
•*. G = Zirr. 
5. Itfiiiiiber of Degrees in Angular Unit. — If an 

arc of the circumference be supposed cut off equal to the 
radius, then 

C ir = 360° : number of degrees in angular unit ; 

(Euo. 33, VI.) 

.-. number of degrees in angular unit = — -^ 

360V 
2irr 

180° 

TT 

180° 



3-14169 

= 57° -29578 nearly. 

Cor. — Number of seconds in the angular unit = 206265. 

6. Circular Measure of a Rigbt Angle. — The 

. 1 « ofiAo circumference 27rr ^ 

circular measure of 360 = —. = — = 2ir : 

radius r 

therefore the circular measure of 90° = ^. 

nw 
Cor. — Circular measure of w° = 



180* 



Circular Measure of Angles. 3 

7. Relatton between the Iiengtb of Are and the 
mrnniber of Seconds inthe €orre8pondIng Angle. — 

If A" be the number of seoonds in any angle, a the length 
of the corresponding arc, and r the radius of the oirde ; 
then 

I ^ 206266^'" ^°" ^^' ^^-^ 



Cor. — ^Henoe the oircnlar measure of A*^ is also 



Iff 



206266 



ff 



Examples. 

1. How many seoondB in the angle whoae dioular mouan s '2 

A" 



206265 



*f 



= -2 ; .-. Af' = 41263". 



2. What angle will a man 6 feet) high subtend at a point in the same 
horizontal plane with the man 1 mile distant P 

The 6 feet may be considered as an arc of a circle of 1 mile (5280 feet) 
radius; 

•*• tt:^^ ° circular measnie of z = ^^^^^,„ ; 
5280 206265" ' 

. ^.'_6_x206266;;_ 
•• ^ " ~5280 "^^*- 

3. A tower 120 feet high, standing on a horizontal plane, subtends an angle 
of 5^ at the eye ol an obaerrer : calculate the distanoe of the tower. 

120_ 800 
~ "206265* 

120x206265 „„^^^ ^ ^ 

••• *•= ^^t::; «= 82506 feet. 

300 

B2 



( 4 ) 



CHAPTER n. 

8. jiletlioil of Computing Angles. — ^In Plane Trigo- 
nometry the oomputation of angles is for the most part 
oaxried on by means of the ratios of right lines drawn with 
regard to the angle, which ratios are not measures of the 
angles, but from which the angles may be computed. 
These ratios are called sine, cosine^ tangent, cotangent, secant, 
cosecant, versed sine, coversed sine; but for shortness writ- 
ten sin, cos, tan, cot, sec, cosec, versin, covers. 

9. Definitions of the Trigonometrical Ratios. — 
From any point on one leg of an angle let fall a perpen- 
dicular on the other leg. 

If the angle be denoted by A, the distance of the point 
from the vertex of the angle by c, the perpendicular by a, 




Fig.l. 

and the part intercepted on the other leg between the foot 
of the perpendicular and the vertex of the angle by b ; 
then we shall defiire the ahoYO ratios as follows : — 



sm-4 = -, 
c 



cos -4 = -, 
c 



a 



iasiA = It 





Invirse Trigonometrical Functions. 



ooBeo ^ = -, or the reoiprooal of sin A, 



BOO A = i9 




» 



99 



OOBAy 



cot -4 = -, 
a 



» 



99 



tan ^9 
verBin-4 =l-oos-4, ooversin-4 = l-sm-4. 



(NoTB. — The reciprocal of any quantity is unity divided by that quantity, 
and therefore the reciprocal of a fraction is that fraction inverted.) 

10. InTerse Tiigonometrical Fimctloiis. — The 

following notation is also used, viz. : 

sin~*a?, cosr^y, tan-^a;, &o., 

to denote respectively the angle whose sine is Xy the angle 
whose cosine is y, the angle whose tangent is z. 

Hence, if ^ - sin ^^ then A - sin~^ a?, 

y = oosJ5, „ -B = cos-*y, 

z = tan C, „ O = tan"*s. 
Also, sin (sin~*a?) = a?, cos (coer^y) = y, tan (tan'^s) = s. 

Examples. 

1. Conitroot the angle whose tangent = -, and find all the other trigone- 

4 

metrical ratios. 




Fig. 2. 
Lay down a line BO equal to 3 from a scale of equal parts. Erect CA 



6 



Plane Trigtmomeiry, 



perpendicular to BO^ wbick make equal to 4 from the eame icale. Join BC. 
Then BAOm the required angle. 



For 



tan of Z BAC^^= -; 



Also 



Hence 



.'. L BAC^Un'i--. 

4 

AB* = AC^ + CT» = 4» + 3» = 26 ; 
.*. AB = 6. 



00i^«-, 

tan^»-, 

4 

▼enin A^-r, 
6 



. 6 

8ec^ = -, 

cot -4 = -, 
coyenrn ^ s= ^. 



6 



2. Conatruot the angle whoie cosine = -, and find all the other trigono- 
metrical ratios. 




Fig. 3. 

Laj down a line AC equal to 6 from a scale of equal parts. At C erect 
a perpendicular to AC oi an indefinite length. With the centre A, and 
radius equal to 7 from the same scale, describe a circle cutting the perpen- 
dicular in J?. Join AB, Then the angle BAG is the required angle. 

AC 6 



For 



cos of I BAC = 



AB" T 
6 



L BAC-coBT^zz, 
7 



Trigonometrical Batios, 



AIbo 



Hence 



AB* = 


^(7» + (7J», 


49 » 


6» + CB^ ; 


.-. CJ?» = 


49- 


36; 


.-. GB = 


Vf3. 




sin A = -—-, 
7 




. 7 
coBec -4 = -zi > 

Vl3 


. 6 

COB^=y, 




^A^l 


tan A = — * 




6 

cot -4 = --— , 

Vl3 


irsin -4 = 1 - - = -, 




coTenin A = I - ^^^ 

7 



3. Construct the angle whose sine =: — , and find all the other ratios. 

V3 

4. Construct the angle whose cosec = 5, and find, ftc. 

5. Construct the angle whose cot = *7, and find, &c. 

6. Construct the angle whose Tersin s '4, and find, &c. 



7. Show that tan 



(-i)-l- 



11. Expressions for Hie Trigonometrical Ratios 
In Terms of Tangent. — ^Let tan A = af then A = tan'^a. 
If a right-angled triangle be oonstruoted, of which the 
sides about the right angle are a and 1, then the tangent 

of the angle opposite the side a = ^ ot a; 
therefore the angle opposite the side a = tan"^ a = A. 



Also the hypotenuse of Zl = ^/l + a* ; 



8 Plane Trigonometry. 

, ' J « tan -4 . -v/l + tan*-4 

.*. Bin -4 = . = . =-, ooBeoA = ^^—r z — , 

v/l + a' v/1 + tan»-4 tan-4 

cos-4 = . = = see -4 = */! + tanM, 

v/l + a' -/1 + tan*^, 

cot -4 = - = 



a tan -4' 

12. Expressions for the Trigonometrical Ratl<iB 
In terms of Sfecant. — ^Let seo A = a; .\ A = sec^^a. 
Conceive a right-angled triangle, of which the hypotenuse 
= Uy and the base = 1 ; then the contained angle = sec~*a = Ay 

and the remaining side = s/a^ - 1. 

Hence 

J a/o^ - 1 a/bbo^A - 1 J sec -4 

sm A = = ~ , oosec A = 



a seo A v^sec'-4 - 1 



cos -4 = - = 



a sec A^ 



^a^-l 



tan A = ^^— ^i — = *y^^A - 1, cot A = — . 

1 ^800^-4 - 1 

13. Expressions for the Trigonometrical Ratios 
In Terms of Yerslne. — ^Let versin -4 = « ; . *. cos -4 = 1 - a. 

Conceive a right-angled triangle, one side of which = 1 - a, 
and the hypotenuse = 1 ; then the cosine of the included 
angle = 1 - a, and the remaining side = v/2a - a*. 

Hence sin ^ = ^ — = \/2 versin -4 - versin*-4. 



. . _ \/2o - a* _ y^2 versin A - versin'4. 
1 - o 1 - versin A 

&c., &c. 



[To face page 8. 



LE, 

: in Terms of all the others. 

I 

1 

f-^ = V2 versm A - verain*^ = 1 - covers A. 



i 



(- — -i — = l-versin-^ = V2coYerB-4-coYers2^. 



IQfiA 



Q^A — 1 1 — Tersin A ^2 covers A - coversM 



\/2 versin -4 - versin'-^ 1 - covers A 



V2 versin A - versin'^ 1 - covers -4* 



ec^ 



d'-4 — 1 1 — versin -4 V2 covers -4 — covers*-4 



c2-4-l = 



1 — v ersing ^2 covers A — covers'-^ 

V2versm A - versin^ui ~ 1 - covers A 



n2J _ 1 ^___^__^^_-___— ___ 

= versin -4 = i -.V2 covers -4 - covers*-4. 



ecuft 



= 1 - V2 versin -4 - verBin*-4 = covers A. 



ioA 

h&i pointed out in Articles 11, 12, and 13. 



Definitions. 9 

14. Definlttons of Complemeiit and Supple- 
ment. — One angle is called the complement of another 
if the two angles added together make up a right angle. 

One arc is called the complement of another if the two 
arcs added together make up a quadrant. 

One angle is called the supplement of another if the two 
angles added together make up two right angles. 

One arc is called the supplement of another if the two 
arcs added together make up the semicircimiference. 

In a triangle if Z a = 90°, then Z^ + Z JB = 90; 

.'. Z ^ is the complement of By and vice versd. 
Denoting the sides opposite the angles Af B^ C by a, (, Cy 

then sin -4 = - = cos -B : 

c 

.'. The sine of an angle is equal to the cosine of its complement. 
Also tan -4 = t = cot JB; 

.'. The tangent of an angle is the cotangent of its complement. 

/• 
Again, , sec A = - = cosec jB ; 

.-. The secant of an angle is the cosecant of its complement. 

It may assist the student in remembering the above, to 
point out that co is merely a contraction for complement ; 
and that cosine is the complement sine, or sine of the 
complement ; cotangent equal complement tangent, or 
the tangent of the complement, &c. 
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15. EqalTalent Expremions. — (Bee fig. 1). 

a* + J' = c' ; 

•'• c» "^ c» " c' ^ 
/. em*A + oobM = 1. (1) 

Again, «• + 6' = c' ; 

?! *!_^ 

.*. tan'-4 + 1 = seo*-4. (2) 

Similarly, a' + 6' = c* ; 

?! *!-^ 
•*• «» "^ a* " a* ' 

.-. 1 + oot»-4 = ooseoM. (3) 

Also, = - = - = tan-4, (4) 

oosa 6 6 ^ ' 



and ?2?4=L* = oot^. (5) 

The last five f ormulsd are so important that we have 
given an independent proof, though they are implied in 
the formulae given in the table. 

16. Trigonometrical FunctloiM of 45°. — 
Let lAOB = 45° : out ofF OJf = 1 : draw MP ± OM. 



Trigonomeirieal Ratioa 0/45", 8fc. 



11 



Sinoe Z POif=45', Z OPJf= 45° ; .-. PJf= OJf = 1, 
and OP - -/2 ; (Euo. 47, 1.) 




Fig. 4. 



therefore sin 45° = 



MP 



-PO y2 



, oosec 45° = v^2, 



oos45° = ^= -i=, seo45° = y2. 



tan45° = ^ = l, 



oot 46° = 1. 



17. Tiiconometarlcal FnnctloiiB of 60° and 30^. — 
Let Z BOA = 60° : out off Oif = 1 : draw MP ± OM. 



o 



F 


C 


y 


•^ \ 


/ i 


\ 



M C 

Kg. 6. 



Make Z ifPC = Z JfPO. Then A OMP = CifP. 

(Euo. 26, 1.) 
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Henoe Z PCM ^ 60°, and A OPC is equilateral ; 
therefore MC = OJf = 1, OP = 00^ 2, and PJf = ^ 3. 

(Euc. 48, 1.) 

.-. sin 60° = cos 30° = ^, coseo 60° = see 30° = -4^, 

1 

cos 60° = sin 30° = ^, sec 60° = cosec30° = 2, 

tan 60° = cot 30° = ^, oot 60° = tan 30° = ^ 



1' ys' 

18. Calculatioii of the Sines of Small Angles. — 

Let a denote the arc which subtends the small angle A. 
From one extremity of the arc let fall a perpendicular (p) 
on the radius passing through the other extremity. 

Now when the angle is very small the length of the 
arc a does not sensibly differ from the perpendicular p ; 

therefore -^ = - (very nearly). 

r r 

But - = sin -4, and - = circular measure of A ; therefore 
r r 

The sine of a small angle is nearly equal to its circular 
measure. 

Examples. 

1. Calculate the gin of 3 minutes. 

sin 3' = rt^^^ = -00087. 
206266 

2. Show that sin 90" = 1, cos 90* = 0, tan 90° = infinity. 

19. Original meaning of Sin, Cos, Tan, dec* — It 

is right to inform the student that originally the terms 
sin^ coSf tany seCy &c., had reference to the arc of a circle. 



Trigonometrical Functions of an Arc. 



13 



Let the aro BP be denoted by a, and the oorresponding 
angle at the centre by A : 

PM = sin a = the perpendicular let fall from one extre- 
mity of the are on the diameter passing through the other 
extremity of the arc. 




. Fig. 6. 

OM » COS a or the sine of the compliment - the distance 
of the foot of the sine from the centre. 

BT s tan a - the part intercepted on a tangent drawn 
at one extremity of the arc, between the point of contact 
and a diameter passing through the other extremity. 

OT a sec a s the part intercepted on a diameter passing 
through one extremity of the arc, between the centre and 
a tangent drawn at the other extremity of the arc. 

DS = cot a s the tangent of the complement. 

08 s oosec a » the secant of the complement. 

MB a versin a 

coyersin a « versin of the complement. 



14 TUme TrigonomeUy. 

The sin, oob, tan, &o., of Hie are divided bj the radius 
equal the sin, oos, tan, &c., of the ooiresponding angle. 
Thus 

PM= sin a ; therefore j^p = Bin -4, 

OJf = cos a ; therefore -^ - cos ^, 

ST 

BT = tan a ; therefore -jr^ = tan A. 

20. ConTentlon wlHi regard to tlie Alcebraic 
Signs of the Trigonometrical Ratios. — The algebraic 
signs of the different trigonometrical functions have also 
to be considered. If we regard those in the first quadrant 
as positive, and adopt as a criterion oi positive and negative^ 
that quantities change their sign in passing through zero 
or infinity ; observing also that sin 180^ is zero, cos 90* is 
zero, cos 270° is zero ; tan 90° is infinite, tan 180° is zero, 
and tan 270° is infinity ; we shall find the following varia- 
tions of sign : — 

All arcs beginning at B and terminating at any point 
between B and R hAy^ positive sines ; terminating between 
R and B have negative sines. 

All arcs beginning at B and terminating at any point 
between B and 2) have positive cosines ; terminating between 
D and E have negative cosines ; and terminating between 
E and B have positive cosines. 

All arcs beginning at B and terminating between B and 
D have positive tangents; terminating betwen D and 12 
negative; terminating between R and E positive^ and 
betwen E and B negative. 



Application of Algebraic Signs, 



15 



The ooseoants, seoants, and ootangents being the reoipro- 
oals of sines, cosines, and tangents, respeotively, follow the 
same rules. 

The algebraioal signs of the trigonometrioal functions 
are also determined in the same manner as in coordinate 
geometry. Thus the sine and tangent are positive or 
negative according as they are above or below the dia- 
meter BRy and the cosine and cotangent are positive or 
negative according as they are to the right or left of the 
diameter I)£!, 

The following values may readily be deduced from the 
preceding : — 



Angle. 


Sin. 


Cos. 


Tan. 


Cosec. 


Sec. 


Cot. 


Vera. 


CovecB. 








1 





1 



1 


1 






1 


IT 

2 


1 





1 



1 


1 






1 





» 





- 1 





1 



-1 


1 

" 


2 


1 


3 

2' 


-1 





1 


-1 


1 






1 


2 


2ir 





1 





1 




1 


1 







1 



Notb: — 



- = infinity. 



21. Dlstlnctioii between the Trigonometrical 
Functions of an Angle and those of an Arc. — 

The student should note that the sine of an ar^; is a line, 
whilst the sine of an angle is a ratio. The same remark 
applies to the other trigonometrioal functions. 
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22. Relation coimectliig the Trlgouometrieal 
Fanctioii of an Are and those of Ito Supplement. 

See Kg. 6. 

Through P draw PQ \\ BO, and QN \\ DO. 

Now arc RQ => arc BP = a ; .*. arc BQ is the tupple^ 
ment of a. 

Also sin of arc BQ = QN - PM » Bin a ; 

.*. the sine of an arc = the sine of its supplement. 

Again, cosine of an arc BQ = ON9 and cosine a = CM; 
.'. cosine of arc BQ = - cosine a ; 
or, The cosine of an arc = - cosine of its supplement. 
Hence The tangent of an arc = - tangent of its supplement. 

Cor.'^The sine of an L = the sine of its supplement. 

The cosine of an L = -the cosine of its supplement. 
The tan of an Z = - the tangent of its supplement. 
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CHAPTER m. 

23. ExpressAoB fbr tke Sine of the Sam and tbe 
ComIdc of the Dlflnerence of two Angles, in temu sf 
Oie Stnee and Cosines of the Angles themselves. 

Let the Z' EDF and EFD ot the A DEF be denoted 
respeotively hy A and B ; the opposite sides EF and ED 
\yy a and b. 

Draw i^if ± DE produced, and EN X DF. 



fig. 7. 
Let FM, EN, NF, NB, be denoted rospeotiTel7 hj 
P, *. «, ^• 

Now h.p = 2.ttrea.o{ £^ DEF=^.{a + 0); 

DiridebyJ.a ^.^.5 + f.t (X) 

But iFEM:~A+B; 

.•. mn.{A + S) = nixA .omB + ooiA.aii.B. 
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If iiutead of denotmg Z EDF hj A,we nuke Z DFif 
= A, tlkeB 

P _ 



-coBcit ^EFM- COS (A- B), 
= sin of Z FDE otooaA, 
= cos of Z FDE or sin ^. 



ftnd 

Substituting in (X) ve get 

coeiA- B) =coaA.oo»B + anA.anB. 

24. Expression for the Sine sf the SI0torcnee 
and tlie Co«ine or ttae Snaa of two Angles in terms 
•f the Sines an«l Codnes of the An^cs thcBwelves. 

Let tho Z* JUDF and EFD be denoted reepeetiTely by 
A and .B, and the sides EF and £i) by a and &. 




Fig. 8. 
Draw Fif J. ^J3 produced, and EN X FJ) produced. 
Let FM, EN, NF, ND, be denoted reBpectiyely by 
P, ♦. ", & 
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Now b.p = 2 area of A EDF^ . (a - jS) ; 

Divide by 6. a ? = |. «-§.*. (T) 

a h a a ^ ' 

But ZjPj&if=^-5; 

.'. sin (^-£)»8in^.oos£-oosul .fiin^. (3) 
Ify instead of denoting Z FDM by J , we maJke Z Di^ 

- = cos of Z -BJ^if = cos (wi+jB), 

f = sin of Z iVjDJF = cosifPD or oosui, 

^= COS Z NDE = sin JfPjD or sin A. 



Substituting in ( F) we get 

cos (-4 + J5) = cos -4 cos-B -sin-4 . sin B. (4) 

The four formulse proved in the last two Articles, viz., 

sin (^ + jB) = sin ^ . cos £ + cos ul . sin B^ 

sin (ui - 2?) = sin-4 . cos5 - cos -4 • sin 5, 

cos (-4 + jB) = cos ui .cos 2? - sin -4. sin 2?, 

cos (ui - 2?) = cos -4 . cos -B + sin ui • sin jB, 

are called the Fundamental Formulce of Trigonometry. 

25. Expreaiions tor the Sine and Cosine of an 
An^e in terms of the Sine of twiee the Angle. 

sin (^ + £) = sin ^ cos jB + cos ul . sin 2?, 

Let -B = ^, 

then sin (^ + JB), or sin 2ul = 2 sin ^ cos ul. 

C2 
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But 1 = Ac? A + oos'ul ; 

.*. 1 + f&aZA = sin'^ + 2 sinul oos ul + oo^A ; 



.'. sin ^ + oos ul » ± v^l + sin 2A. 
ALsOy 1 - Bin 2 A = ein^A -2 smAaosA-^- oob*A ; 

.'. Bin^ - oobA = ± v^l - sin'ui. 



Henoe sin -4 = ^ {± -v/l + sin 2^ ± y^l -sin 2^ • 

And oosA^i {± */! + sin 2 A T y^l -sin 2^). 

26. KxpressliHis Ibr Uie Cosine of twiee an Angle 
In terniB of the Cosine and Uie Sine of tbe Angle. 

COS (ul + jB) » oos ul . cos jB - sin ul . sin D. 

Let -B = ui, 

then COB (ul + A)^ or oos 2A - oos'^ - sin'^. 

But 1 = oos'ul + sinM; 

.'. 1 + oos 2ul » 2 oos*-4, and, 1 - oos 2 J » 2 sin*-4. 

27. Formulae eonnecting the Sine and Cosine of 

an Ani^e ^Mitli Uie Sine and Cosine of its lialf. — If 

A 

in the fonnulae of the last two Articles we write ^ for A^ 

we get 

Bm^-28in^.ooB^, 

A 

1 + cos ul » 2 cos* TT, 

1 - cos ui = 2 sin* jr. 
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28. FormulaD tor tlie Tangent of linlf an Angle. 



AlfiOy 



1 J 2 sin» -f 
1-oobA 2 


. A 
8m 2" 


2 am 2" cos "o 

• 


A 
~^2 






II-oobA I 2 


/tan«| 


Vl + 008-4 " J 2 00^- ^ 



2 



29. Tangent of 15''. — ^In fonnula tan 77 = — ; — 7— 

2 BUkA 

sabstitute 30^ for A ; 



1-008 30 ^"T 



then tan 15^ = ^ ^3^ "" "^ - 2 - -/§: 

2 

30. Tangent of »»i°.— In formula tan-^ = --^ — 7— 

2 fiin^ 

substitute 45° for A ; 

j_ 

then taxi22J» = Lr^. 11:^=^2-1. 

-* Bin 46 J_ 

31. Expressions for the Tangent of the Snni and 
Tangent of the DlflRerence of two Angles In terms 
of the Tangents of the Angles themselves. 

(J m sin (-4 + 5) _ sin^ 008J+ cos u4. sin J 
^ ^ ° 008 (-4 + -B) ~ 008-4. 008^- sin -4 . sin^' 
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Diyiding each term of the numerator and denominator bj 

OOft ^ . OOB ^y 

sin ^ Bin. B 

km f J 7?\ 008 A COS B ^ tan A + tan B / \ 
ton(-d + //) ° sin ^ , sig-g " l - tan ^ . tan ^ ^ ' 

cos A . qobB 
Similarly it may be shown that 

32. Fommla tor the Tangent of twice an Angle 
in terms of the Tangent of tlie Angle itself. 

In formula (a. Art. 31), let B - A. 
Then tan (-4 + ^) or tan 2 A = ^ ^l^^^j^ 

33. Formnlae tor tlie Snm and DiflRerence of the 
Sines — ^By first adding, and then subtracting, the first two 
of the fundamental formulas, we get 

sin (^ + -B) + sin (^ - -B) = 2 sin -4 . cos -B, (7) 

sin (id + 5) - sin (^ - jB) = 2 cosui . sin 5. (8) 

Let A + B'^A', 

%nd A'B = Br\ 

A! ^' B 
therefore 2 -4 = -4' + i' : ,\ A- — ;r — ^ 



%B^A^S\ .'. B^ ^\^ . 
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Substituting these values of A + B^ A - B, A^ B^ in 
equations (7) and (S), we get 

jf • TV rt • -^' + -^ A' - B^ 

sin wd + sin 5^ = 2 Bin — ^ — . cos — - — , 

and 

sin -4 - sin -a = 2 COS — ^ — . sin — - — . 

HoDoe 

The sum of the sines of any two angles is equal to twice the 
sine of half their sum multiplied by the cosine of half their 
difference. 
And 

The difference of the sines of any two angles is equal to twice 
the cosine of half their sum multiplied by the sine of half their 
difference. 

34. Formulae tar the Sum and DijOnerence of ihe 
Cosines. — By adding and subtracting the third and fourth 
of the fundamental formuIsB, we get 

cos (^ + -B) = COS -4 . cos J5 - sin A . sin 5, 

cos {A- B) = cos ^ . cos B + sin ^ . sin £. 
Adding, 

cos (-4 + -B) + cos (-4 - J5) = 2 cos -4 . oo&B. 
Subtracting, 

cos (-4 + 2?) - cos (w4 - 2?) = - 2 sin-4 . sin£. 

Substituting, as in last Article, we get 

., ^ ^ A' + B" A'-B^ 

cos -4 + cos 5^ = 2 cos — ^ — . cos — ^ — , 

and 

0O6A -oos^=-28in — ^ — . sin — ^ — . 
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Henoe 

The sum of the cosines of any two angles is equal to ttoim 
the cosine of half their sum multiplied hy the cosine of half 
their difference. 
And 

The difference of the cosines of any tuH> angles is equaJ to 
Minus tunce the sine of half their sum multiplied by the sine 
of half their difference. 

35. Ratio of the SiAn of the Sines of two Angles 
to the Dlfllerence of the Sines. 



^ . A^B A-B 
nn ul + Bin J9 2 2 



(Art. 33) 



Bin-4-sin£ ^ A^B . A- B 

2 cos — ^ — . sin — 7z — 



^ A-^B ^A-B 

= tan — 7z — . oot — :r — 



^ A + B 

*^-2" 

^ A-B^ 
tan -2- 

or sin-4 + sin-B : Bin-4 - sini? = tan — ^ — : tan — ^ — • 

36. Formnla for the Sine of three times an Angle. 

sin 3ul " sin {A + 2 A) 

= sin ^ . 008 2 A + cos ^ . sin 2 A 

= sin A (oos'-4 - sin'-4) + oos ^ • 2 sin ^ oos ^ 

(Arts. 26 and 26) 
e 3 sin ^ cos'-4 - sin'ui 

= 3 sin ^ (1 - sin'^) - sin»-4 (Art. 15) 

= 3 sin -4 - 4 sin'^. 
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37. Fommla tor Uie Cosine of tluree times am 
Angle. 

OOB 3A - 008 (wi + 2 A) 

= cobA, 008 2 A - sin ^ . sin 2 A 

= oobA {oob^A - sin'^) - sin ul . 2 sin ^ oos ul 

(Arts. 25 and 26) 
= oos'-4 - 3 008 -4 . sin'-4 

= oos'-4 - 3 008 ^ (1 - oos'-4) (Art. 15) 

= 4 oos'-4 - 3 008 A. 

38. Tiigonometrleal Functions otlSP. 

If ui = 18°,then 3^ + 2^ = 90°; 

.-. sin 2A = 008 3 A ; (Art. 14) 

.'. 2 sin ^ . 008 ^ = 4 oos'ui - 3 oos ui, 
2 sin -4 = 4 oos'-4 - 3, 

2sin^ = 4(l-sin»ui)-3, 

4sin»^ + 2Bin^-l = 0. 

Solving whioh quadratio equation, we get 

.„ J ±a/5" 1 
BmA = ; , 

4 

Sinoe the sin of 18° is positive, we must take the upper 
sign; 

.-. sin 18* ^jZIjiI. 

4 

1QO /I ^tTq5 f, 6-2^5 v^l0 + 2v/5 

cos 18° = v^l -sin' 18° = J 1 z^ — = , 

^16 4 



26 Plane Trigonometry. 

39. Tiigonometiieal Fonetloiis of 96''. 

oo8 36» = 1 - 2 8in»18» = 1 -2 (^^^Y = i-i^, 
sin 36° - v/n^3^^' = '^^^^^^. 

4 

^^^ v^lO - 2\/6 
tan 36 = — ^ 7= — • 

l + v/6 

40. Formula for tlie Tangent of tluree times an 
Angle. 

tan 3ui = tan (^ + 2^) 

tan A + tan 2-4 
1 - tan A . tan 2 A 

^ . 2tan^ 
tan^ + 

Multiply both numerator and denominator by 1 - tan'ul. 

tan A - tan'-4 + 2 tan A 



Then tan 3^ = 7- 

1 - tan'^ - 2 tan*^ 

_ 3 tan A - tan'^ 
l-3tan»ul • 

Exercises. 

1. Find ezpresedons for the sine, cosine, &o., of 9** (see Article 25). 

2. From the consideration that 75° = 45° + 30°, calculate the trigonome- 
trical ratios of 75°. 
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CHAPTER IV. 

41. Solution of Right-angled Triangles. — In eyery 
triangle there are six elements, viz., the three sides and 
the three angles, of which any three independent quantities 
being given, the three remaining may be found. 

The three angles are not independent; because their 
sum is always = 180°. 

We shall begin with right-angled triangles, denoting in 
all cases the three angles by A, B, 0, of which C is the 
right angle, and the opposite sides by a, 6, c. 

Then 

sin ui = - = cos -B : .*. a = c sin ^, or c cos £, 
c 

d 
tan -4 = 7 = cot 5 ; .\ a^h tan -4, or h oot -B, 



/• 
sec ul = 7 = ooseo B\ .\ c =^ bseoA, orb coseo B. 



These relations comprise every trigonometrical property 
of the right-angled triangle, and may be stated as fol- 
lows : — 

KuLE 1. — In any right-angled triangle either side is equal 
to the sine of the opposite angle, or the cosine of the adjacent 
angle multiplied by the hypotenuse. 

KuLE 2. — In any right-angled triangle either side is equal 
to the tangent of the opposite, or the cotangent of the adjacenij 
angle multiplied by the other side. 
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BuLE 3. — In any righUangkd triangle the hypotenuse is 
equal to either side multiplied by the secant of the angle ad' 
jacent to, or the cosecant of the angle opposite to, that side. 

The student will observe that there is also the geomc' 
trical relation c' = a' + 6*. 

Examples. 

1. Given e = 480, A = 62^ 8', to find a, b, and B. 
Then a:=eanA; .*• log a = log<; + logsin^ -10, 

log a ^ log 480 + log sin 62^ 8' - 10 
« 2-68124 + 9*90311 - 10 
= 2-58436 ; 

.-. a = 384. 
Also b-e.cosA; .*. log3 = log<; + logcos^- 10 

= log 480 + log cos 53'' 8' - 10 
= 2-68124 + 9-77812 - 10 
= 2*45936 ; 

.*. J = 288. 
Z.5 = 90** - -4 = 90 - 53'* 8' = 36'»52'. 

2. Giyen = 98, a = 82*01, find d, A, B. 

d 
WiiA—-\ .*• log sin-4 = 10 + loga-log« : 

= 10 + log 82-01 -log 98 
= 10 + 1-91387-1*99123; 

.-.^ = 66° 48', 

5 = 90 - -4 = 90* - 66^*48' = SS** 12'. 
Also 6 = <;.cos^; .*. logd = log£> + logcos-4 — 10 

= log 98 + log cos h^"" 48' - 10 
= 1*99123 + 9*73843 - 10 
= 1-72966 ; 
.-. 6 = 63-66. 
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CHAPTER V. 

42. Expremion tor the Sine of the Angle In any 
Segment of a Circle. — In any circle, the chord divided by 
the diameter is equal to the sine of the angle subtended by 
the chord at any point on the circumference. 




Fig. 9. 

Let BC be any chord of a circle. 
Through B draw the diameter, meeting the circle in A : 
join AC ; then L BCA = 90^ ; (Euc. 31, HI.) 

BC 



BA 



sin of Z CAB. 



Now the angle subtended by the chord BC at the point 
A is either equal to the angle subtended by BC at any 
other point on the circumference (Euc. 21, III.)) or its 
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flupplement (Euo. 22, III.) ; therefore the sine of the angle 
subtended by 5 Cat any point on the oircumference is equal 
the sine of the angle CABy equal the chord BC divided by 
the diameter of the cirele. 

Cor. — If a equal the length of the ohord, and D equal 
the diameter of the oircle, then 



D ' • ^ sin^' 

43. The Sides of any triangle are proportional to the sines 
of the opposite angles (called "Eule of Sines"). 

Let a, by c be the three sides of a triangle, Ay By Cy the 
opposite angles, and D the diameter of the circle circum- 
scribing the triangle. 

ft h /• 

Then -; — . = J), -; — 7, = A and -: — 7;= J5; 

sm ^ B-m B sm C7 

(Art. 42, Cor.) 
a b c 



sin A sm B sin C7' 
or a:b:c=^BmA:emB:mjiC. 

Otherwise thm : 

If p equal the perpendicular let fall from the angle C 
on the opposite side, then 

asin2?=j5 = Jsin-4; (Art. 41) 

.'. a:b = eimA:miB. 

44. The sum of two sides of a triangle is to their difference 
as the tangent of half the sum of the opposite angles is to the 
tangent of half their difference : 

a : 6 = sin u4 : sin jB. (Art. 43) 
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Composition and division : 

a + b : a - b = einA + mn B : slm A " eia B 

= tan — ^ — : tan — ^ — . (Art. 35) 

45. The sum of tico sides of a triangle is to the base, or 
third side, as the cosine of half the difference of the base angles 
is to the cosine of half their sum. 

a : b:c = sin. A: sixiB iBinC; 

.'. fl + J : c = sin -4 + sin J5 : sin C 

= sin -4 + sin 5 : sin {A + B) (Art. 22) 

^ . A + B A-B ^ . A + B A + B 
= 2 sin — - — . cos — - — : 2 sin — - — cos — ^ — 

A-B A + B 

= OOB — jr — : COS 5 . 

46. The difference of two sides of a triangle is to the base, or 
third side, as the sine of half the difference of the base angles 
is to the sine of half their sum. 

a - b sin -4 - sin J5 sin -4 - sin J5 
c sin sin {A + B) 

^ A+B . A-B 

2 cos — - — . sm — ^r— 



^ . A + B A+B 

2 sin — 7^ — cos - 



2 



. A-B 

. A^B 

Bin — - — 



32 



Plane Trigonomeirf/. 



47. To exprem tbe Costites •t tbe 
Triangle in terms of the tbree Sides. 




-' 



Fig. 10. 



From B draw BP ± AC. Let AP^xmA BP -=p. 
Then a» = J» + c» - 26 . x. (Euo. 13, 11.) 

But x = c co&A; (Art. 41) 

.'. a* = J' + c* - 2J.C.0OS-4. 
26 . c . cos 4 = 6' + c* - a' ; 



.'. oos^ » 



Similarly, 



y + c' - <^» 
26c 



eosjD = — ■=: , and cos C 

2ac 



2ab ' 



48. Area of a Triangle In terms of two Sides and 
the Included Angle. 

6 . j9 » 2 area of A. 

But p = c . eiaA; (Art. 41) 

.*. b.e sin ^ » 2 area of A ; 

.'. -J- i.c.sin^ = area of A. 
Sixnilarlj, area = ^.a.c.sin JS = ^.a.ft.sin C. 
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49. CeBlne of Half an Angle of a Triangle In 
terms of the Three SideB. 

. 6» + (?« - a» 







UUB^ 


a, — 


2be ' 








.-. 1 + COfl 


\A- 


= ^-^ 26c ' 








2 cos' 


A 
2 


2Jc + J'+ o»- a 


I 




2bc 


'9 










{b + c)» - a' 












2bc 












{b + c + a){b + c 


-a) 


V 








2 be 


• 


Let 8 


= the 


semi-perimeter 


of the triangle or 


half the sum 


of the three sides. 








then 




a + 6 


+ c = 2«, 




and 




a + 6 - c = 


« + 


6 + c-2c = 2(«- 


c). 


Similarlj 


a 


-h 


+ c = 2 (« - 6), 




and 




b 


+ c 


- a = 2 (« - a) ; 




• 
■ • 




A 

2 cos» g- = 

A 

cos 2 = 


2< 


r . 2 (« - fl) 
26c 




and 


b . e ' 





50. Sine of Half an Angle of a Triangle in temus 
of the Three Sides. 

6» + c* - a' 



1 - 008 -4 = 1 - 



2bc ' 
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2«^'2 -m — -' 

_ g'-(6* + c'-2ie) 
26c ' 

o' - (6 - c)' 
26c ' 

_{a + b - c) [a-h + e) 
23c ' 

Substitating as alioTe ; then 

^^2" Wc ' 



.A lis- b) (a - c) 
Bin - '^ 



2 V 



6c 



61. Tangent of Half an Angle of a Triangle In 
temui of the Tbree Sides. 



A 2 "oi be 



. A /(8-6)(s-c) 



tan 4 = — 4 = •^i^=^^^ = / (^-^)(*-^) 



= J' 



52. Sine of an Angle of a Triangle in terms of 
the Three Sides. 



sin^ 



j^ ^ ks-b){8-c) J 8{s-a) ^ 

= 2sm^oos^ = 2>/ 5^ \ be ' 



.-. Bin,^ = ^^s [s -a){8'- b){s * c) 



Area of a Triangle. 35 



inj> < 



53. Area of a Triangle in terms of Uie tihree 
Sides. 

area of A = ^ Jc sin Ay (Art. 48) 

= i.J.c.-y/«.(««a)(^_6Xs-c) (Art. 62) 

= v^s(s- a)(s- 6)(s-c). 

54. Diameter of the Cirele eirenmseribing a 
Triangle in terms of the Sides. 

^'^^ (^-42) 

axea of A = — ^ — ; (Art. 48) 

.'. D X area of A = -^ ; 



2 area of A* 

55. Radii of Inscribed and Escribed Circles. 

Let r = radius of inscribed circle : 

then ra = 2 area of A COB^ 

rb = 2 area of A CO A, 

re = 2 area of A -405 ; 

.-. • r(a + i + c) = 2 area of A ABC; 

2 area of A ABC area of A 



r = 



25 

Let r' = radius of an escribed circle : 
then /6 = 2 area of A CCA, 

r'c =« 2 area of A BC/A, 
r'a = 2 area of A CCXB; 

D2 



8 
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.-. /(6 + c - a) = 2 area of trap C&BA - 2 area of A CffB 

= 2 area of A ABC; 

2 area of A area 



/ = 



2 (« - a) 



8 - a 




Fig. 11. 

Cor. 1. — If r" and /'' be the radii of the other escribed 
circles, similarly 



.. area _ »»» area 
r = — — 7, and r = 



«-6' 



s - c 



Cor. 2.— 



1 1 1 8 - a 8 - b 8 - c 

— + -7> + -V/ = + + 

r r r area area area 



3« - (a + J + c) 
area 

3«-2« 



area 

_8_ 1 

area r 



Cor.S.— r./.t^\r''' = 
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area area area area 



.^■^^ • - • ^— — — • •^•^-^— 
8 8 - a 8 - b 8 - c 

(area)* 
s (s - «) (s - b) {s - c) 

area* 

= 5 = area* ; 

area* 

.'. area = ^/r . / . r" . r ". 

56. To find the Area of a ilaadrllateral tn- 
seribed tn a Circle. 




Fig. 12. 

a* + J* - 2 flJ 008 C7 = 8* = c* + rf - 2 erf COS Cr. (Art. 47) 

Since C+C7' = 180°, cosC" = -oosC; 

fl* + 6* - c* — rf* 

therefore cos C = — ^w— r Ts — ; 

2 [ab + cd) 

therefore 

sin 0-1 — 4-^^y:jr^^ji 4(a6 + crf)* 

^ { 2 (g6 -f grf) + c* + ef - g* - 6* ) . { 2 (a6 4- c(/) - c' - flP + g* 4- 5* } 

4(a6 + erf)* 
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((c + rf)'-(a-ft)'){(a-f6)'-(c-rf)'} 

4 {ab + cdy 

4 (a6 + cd)' ' 

Let fl + 6 + c + rf = 2«; 

then a + J + c - rf = 2 (« - d), &o. ; 



' ab -^ cd 

Now, axea of quadrilaterals _^^ + — g— 

(Art. 48) 
, . ^ sinO 

= (flft + CO) -^— 

= -v/(« - a) (s - 6) (« - c)(s - fl?). 

57. To find the Diameter of a Circle In terms of 
tbe Sides of an Inscribed iluadrilateral. — Let D 

denote the diameter of a circle ; then 

8 8' 

Bin C = ^ = sin C7', and sin ^ = -=r = sin ^' ; (Art.42) 

8 S' 

{ab + erf) -= = 2 area of quadrilateral = [be + ad) — . 

Also 

flc + 6rf = 8 . 8' ; (Ptolemy's Theorem.) 

ac + bd^ —z , X X (area of quadrilateral)'; 

ab •¥ cd be -{■ ad ^ ^ 

{ac + bd) [ab + cd) {be + ad) _^ ^ ^ 
4 (area of quadrilateral)* ' 



^ _ , / [ae -f bd] [ab -f ed)[bc + ad) 
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Cases of Oblique-angled Triangles. 

68. FiBST Casb.— Giyen two angles {A, B) and the side («) opposite 
one of them : 

a sin B 
fWLA:f&siB=sa\h\ .-. h = —. — j- 

sin A 

asin {A+B) 
sinui : sin C7, or sin (-4 + J5) = a : c ; .•. « » - — -r— ^ . 

Second Casb.— Give two angles {Ay B) and the adjacent side (0) : 

e an A 
anC lemAsae: a; .*. a= . ^ , 

smC 

<; sin^ 
sinC7: Bin3 = c : 3; .". 4=— ^ — ^r* 

BinC 

Thibs Ca8b. — Giyen two sides (0, b) and the angle {A) opposite one of 
them: 

a : 3 = sin ^ : sin 3, from which we detennine sin B. 

If - . sin ui is < 1, two different angles may he found, the one < 90" and 

a 

the other > 90** and < 180% which have — . sin^ for their sine. 

a 

If a he > d, then angle A must he > By and therefore angle B mutt he the 
less of the two yalues found. 

If a < (, then either of the yalues may he taken for B, Hence, when two 
aides and the angle opposite the lees are given, there can usually he found two 
triangles from the given parts, and this is called the ambiguous case of plane 

triangles. We say usually , for if - sin ^ = 1, then B ^ 90'', and only one 

a 

o RUT V? 

triangle can he found. Should he > 1, it is impossihle to construct 

a 

a triangle with the data. 

Also 180 -{A-i-B)= C. 

A J ' J ' r^ asm C 

And sm ^ : sm C7= a : ^: .*. c = — ; — ;;-. 

sm^ 
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« 

FouBTH Gabi. — Giyen two sides {a, b) and the included angle : 

180-C7«^ + 3 

A+ £ A- B 

a + 6 : a - h = tan — - — : tan — - — ; 

, A- B a-h ^ A-\-B 

.'. tan — - — a= r . tan — - — . 

2 a + 6 2 

Tliii detennines — - — ; but A -k- B U Imown ; hence A and B can be 

immediately found. 

Also anA : anO—a: e; .•. e^ —. — 7-, from which e is found. 

smA 

e may, however, in practice, be more conyeniently determined by for- 
mulas of Articles 45 and 46. 

XV A-^-B . ., . A-^B 

(a + J) . cos — - — (fl - 0) sin -— — 

2 2 

= ^ , or e = -■ 

A-B * . A~B 

cos Bin 

2 2 

The third side might be found directly by the formula 0!^ = bl* + e'* — 2 be cob A\ 
the objection to the use of which formula is, that it is not adapted to loga- 
rithmic computation. It may, however, be adapted to logarithms, see p. 65. 
Fifth Case. — Given the three sides (a, by e). The angles may be calcu- 
lated by any of the following formulsd — 



cos^ 



2be 



cos 



A /» (« — a) . 
"2" V""^^ 



. A 

sm 



A^ j {8-b){8-e) ^ 
2 ^j be 

2 V «(«-«) ' 

2 • 

sin ^ = — V » . (« - a){a - b)(8 — e). 



The formula for the tan --, which may be shown to be 



^ J_ Us-a){s^b){s-e) 
8-a\ 8 ' 

is, however, the most convenient in practice. 
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Exercises. 

1. Show from geometrical considerations that there is an ambiguity when 
two sides of a triangle and the angle opposite the less are given. 

2. Show that the circles circumscribing the two triangles are equal. 

3. If lA = 27° 59', lB = W 12', and i = 208; find a, c, and C. 

^fw. a=140, <? = 284-02; (7= 107° 49'. 

4. If tf = 146-3 b = 178-3 and A = 41° 10' ; find the other parts. 

Ana. B = 53» 62' 36", or 126° T 24" ; 
C = 84° 67' 24", or 12° 42' 36" ; 
e = 219-882, or 48-6666. 

5. Given a = 190*24, h = 324-68, c = 196. Calculate the angles. 

Ans. A = 32° 15', B = 114°24', C= 33° 21'. 

6. Given a = 224, 3 = 240, e = 226-3. Calculate the angles. 

Ans. A = 67° 27', B = 64° 34', C = 67° 69'. 

7. Find the angles of the triangle whose sides are 6, 6, 7. 

An8. 44° 24' 53", 67° 7' 18", 78° 27' 49". 

8. If in a triangle A = 26° 38' 60", B = 34° 32' 13", c=nO; find « 
and 3. Ans, 87*02, 110. 

9. If in a triangle a = 6, * = 7, C= 76° 31' 22" ; find c. A, B. 

Ans. 8, 46° 34' 3", 67° 64' 35". 

10. Show that = « cos ^ -i- 6 cos ^. 

11. If r = the radius of a circle about which any polygon is circum- 
scribed, show that area of polygon = r x semi-perimeter of the polygon. 

12. Hence show that area of a circle = nr^. 

13. Given a = 1062-627, h = 1092*982, B = 63° 42' 25"; find the other 

parts. 

Ans. c = 101763 A = 56° 35' 18"; 

C = 69° 42' 17". 

14. If be the circular measure of the angle of a sector of a circle, show 

that area of sector = — - . 

16. Hence show that the area of a segment of a circle = (8 - sin 8). 
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CHAPTER VI. 

59. Definltloii of liOgarlthm. — The logarithm of a 
numher is the exponent of the power to which a given 
base must be raised so as to he equal to the number. 

Thus, if fl* = P, 

X is called the logarithm of P to the base a, and is written 

X = loga P. 



Since a® = 1 ; .*. = logal. 

That is, The logarithm of unity in any system is equal to zero. 



Also a^ = a; /. l = logaa; 

or, The logarithm of the base is equal to unity. 



a" = oo; .-. cx> = logoo. 
The logarithm of infinity is equal to infinity. 



1 

- = 00 





/. log 1 - log = log 00 , 

- log = 00 ; 

log = - 00 . 

The logarithm of zero is equal to minus infinity. 
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Let 0* = P ; then x = loga P, 

and fl»'=Q, y = log#Q; 

(f^=P.Qy and a; + y = logaP + logoQ; 

.-. ir+ y = logaP. Q. 

Hence log« P + logo Q - loga P . Q. 

That is, The sum of the logarithms of two numbers is equal 
to the logarithm of their product 



Again, if a* = P, then « = logo P, 

and (^ = Qf y - logo Q ; 

p 
a*-2^ = ^ ; and x-t/ = logoP - logo Q ; 

1 P 

;r - y = logo Q. 

TT P 

Hence logoP - logo Q = logo ■^. 

That is, jTAe difference of the logarithms of two numbers is 
equal to the logarithm of their quotient. 



If «* = P, then a? = logo P. 

«*** = P~, nx = n logoP ; 

«a?=logoP"; 

logo P* = n logo P. 

That is, The logarithm of the rf^ power of a number is 
equal to n times the logarithm of that number. 
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If a* = P, then a? = logaP, 



^ 






.■^ 1 



Hence loga y^P = - logo P. 

That is, The logarithm of the n** root of a number is equal 

to the -^ part of the logarithm of that number. 

If If^R, then x^logiR. 

Also take the logarithm of both sides to base a. 

Then x logo b = logo R \ 

logoi^ 
logo R 

•'• ^^»^^=i^i:y 

By the aid of this formula, knowing the logarithms of 
numbers to any base a, their logarithms to any other base 
b may be found. 

The logarithms generally used are those calculated to 
the base 10, and are called Common Logarithms. 

The decimal part only of the logarithm of a number, 
which is called the mantissa, is given in the Tables; the 
integral part, called the characteristic, can be determined 
by inspection. 

Since 10^= 10; .-. 1 = log 10. 

10^= 100; .-. 2= log 100. 

10»= 1,000; .-. 3= log 1,000. 

10* = 10,000 ; .-. 4 = log 10,000. 
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Hence the logarithms of all numbers between 10 and 100 
lie between 1 and 2 ; the logs of all numbers between 100 
and 1,000 lie between 2 and 3 ; the logs of all numbers 
between 1,000 and 10,000 lie between 3 and 4 ; and, in 
general, the characteristic has in it as many units as there 
are digits in the integral part of the number minus one. 

Tables of natural sines, cosines, &c., of all angles from 
to 90° have been constructed, but as the sines and cosines 
of all angles are either unity, or fractions less than unity, 
the logarithms of these sines and cosines are negative. The 
same may be said of the tangents of all angles less than 
45°. To avoid negative indices, therefore, 10 is added 
to each logarithmic, sine, cos, tangent, &c., before it is 
entered in the Tables. 

Exercises. 

1. Given logio 2 = 0-3010300 and logio 3 = 0-4771213. Find tte loga- 
ritlims of 5, 6, 9, 125, and '015. 

2. Find the fifth root of -0625, being given logio 2 = 0-3010300 and 
logio 6-743491 = 0-7691760. 

« T. „ 3-45tx86-2t 

3. If 7'= 3 , 

•068* 

write down the logarithmic equation for determining x. 
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CHAPTER VII. 

61. HeightB and DiBtances. — To find the height and 
distance of an inaccessible object on a horizontal plane. 

Measure a straight line AB on the horizontal plane in 
a direct line towards the base of the object. At A and B 

D 




observe the angles of elevation CADy CBD, of the top. 
Let AB^dy L CAB ^ a, L CBD = jS ; then ABB 

Then sin(j3-a):sina: :rf : jBD; .-. BB = -r 



Also C72) = 5i).sin/3 = 
And BC^'BB. cos /3 = 



dsma . sin /3 
sin ili-a) 

dsina. oos/3 
sin (/3 - a) 



sin(j3-a)' 



Example. 
Let d= 76 feet, /8 = 5r30', o = 26'30'. 

log CD = log 76 + log sin 26* 30' + log sin 61" 30' - log sin 26* - 10, 
log BC = log 76 + log fdn 26* 30' + log cos 61*30' - log sin 26* - 10, 
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log 76 = 1-87506 

log sin 26° 30'= 9*64963 
log sin 51° 30'= 9-89354 



21-41813 



10 + log sin 26° = 19-62696 



log CD 
-. CD 



= 1-79218 
= 61-97; 



log 76 = 1-87606 

log sin 26° 30' = 9-64963 
log cos 61° 30' = 9-79416 



21-31874 



10 + logsin26= 19-62696 



log JC 
/. BC 



= 1-69279; 
= 49-29. 



Exercises. 

1. If rf = 412-78, a = 19° 17' 20", » = 47' 11' 12", show that 
C72> = 213-7776, and 5(7=198-0626. 

2. Two observers on the same side of a balloon, and in the same vertical 
plane with it, a mile apart, find its angles of elevation to be respectively 
16° 17' 18" and 62° 30' 20" ; find height of balloon. 

Ana, Height = 660-89 yds. 

3. Prove the formula when the observers are on opposite sides of the 

balloon. , . . . 

_ a sin a . sin /3 
Ana, jtt = — 7—} TT- 

sm (a + iS) 

4. Show that the same formula wiU give the perpendicular width of a 

river. 

d 
6. Show that breadth of river is also equal to ^>Qt«4. cot/S * 

62. To determine the Height and Distance of 
an Object situated on an Eminence, and seen 
firom a HoriflEontal Plane. 

Let DjE be the object, AB a given line in the hori- 
zontal plane, measured in a direct line towards the object. 
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At A observe the angle of elevation of D, and at B observe 
the angles of elevation of D and E. 




Let AB^d, Ll)AB==a, BBC^fi, EBC^y. 

Then, as in last Problem, CD = — r-^ — r- , 

sm (p - a) 

d sin a cos jS 
sin(/3-a) 

d sin a cos /3 . tan 7 



5(7 



And therefore CE = BC . tan y = 



Hence we find BE, 



sin (/j - a) 



Example. 



If AB = 134, 


« = 44°, 


/5 = 67*^60', y = 51% 


log 134 


2-12710 


log 134 = 212710 


log sin 44° = 


9-84177 


log sin 44° = 9-84177 


log sin 67° 60'= 


9-96665 


log cos 67° 60' = 9-67669 



21-93652 
10 + log sin 23° 60' = 19*60646 



21-54556 
10 + log sin 23° 60' = 19-60646 



log CD 
CD 



= 2-32906 
= 213-33 



log JC 
£C 



= 1-93910 
= 86-917 
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log C!i? = log^C+logtan7- 10 
logBG m 1-93910 
log tan 6V » 10-09163 

log CB = 12-03073 - 10 ; 
.-. CJB = 107-33. 
Hence BE^DC-CE^ 213-33 - 107-33 = 106. 

63. To find the Distance between Two Inaeees- 
sible Objects {A^ B) standing on a Horlsontal 
Plane. 

A 




D 

Fig. 16. 

Measure a bass line CD ; at C observe the angles ACD 
and BCD^ and at D observe the angles ADC and BDC. 
Let 
CD=d,lACD^a,LBCD = a\LADC^P,asxilBDC«p\ 

In 

/^ (7-42) sin (a + /3):sini3 = rf:-4(7; .\ AC = .^T^ov 
In 

A (752)sin(a' + )30--Bin)3'=rf:aB; ..CB^ .^ff^L . 

sin (a +p) 

Now in £\ ACB we know two sides, and the included 

L ^ a - a. Hence we can oaloidate AB by method 

of Article 68, Fourth Case. 

£ 
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Plane Triganametry, 



Example. 

Let <;r=300ywdB, a = 95*'20', a' = 58<'20', fi^b^W, 

/8' = 98'.46'. Find^JB. 



log 300 s 2*47712 
log dn 53* 30' =: 9*90518 

12-38230 

Iogsin3ri0's 9-71393 

.-. log^C=: 2-66837 

AC= 466-97; 

1227-43 tan 71*30' 



295*49 



tan 



A--B 



log tan 71* SO' « 10*47548 
log 295-49 e 2-47055 

12*94603 

log 1227-43 = 3*08893 



.*. log tan 



/A-B 



\ 2 
A-B 



).. 



85713; 



= 36* 46' ; 



log 300 » 2*47712 
log Bin 98* 45' » 9*99492 

12*47204 

log Bin 22*45= 9*59039; 

log OB » 2*88165 ; 

.*. CT= 761-46. 

Bin 35* 44' _ 295-49 
sin 71* 30' ~ e ' 

log 295*49= 2*47055 
log sin 71* 30' = 9*97696 

12*44751 
log am 35* 44'= 9*76642 

.*. log = 2-68109 ; 
.-. tf » -42? = 479*79. 



64. To And the height of an Objeet above a 
Horizontal Plane firom Observations made at 
three Stations in a straight line not in the diree- 
tion of the Object. 

Let H be tlie object; ABC the three etations at which 
the angles of elevation are observed. 

Denote the angles HAO^ HBO, HCO^ by o, /3, 7, and 
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tlie distances BO, CA, AB, by a, b, c, and the required 
height HO by h ; then 

AO^hoota; 50 = Aoot)3; (70 = Acoty; (41) 

^77 — I = oos z AOO = - L BOO 

zhh oot y 

A'ooPy + a*-A'oot'j3 , 
SoAooty ' 

.-. flA'oot'y + a6*-flA*oot*a = - 6A'oot"y - Ja" + JA«oot»)3, 

V {a oot» a + 6oot'j3 - (e^ + J) cot*y) = aJ (a + J) ; 



.-. A* = 



a oot* a + 6 oot*/3 - c oot'y' 




( 62 ) 



CHAPTER Vin. 



65. Redaction of FommlaB. 

00B^ + 00S3^ 2 008 2 ^.008^ ^ ' ' ^ 

= tan 2 A. 
20. 

sin^ + BinS^ + BmS^ sm3^ + (sin ^ + sin 5 ^) 
oosudL + 008 3 A + oob5A oo83^ + (oos^ + oos5^) 

_ sin 3 ^ + 2 sin 3 ^ 008 2 ^ 

~ 008 3 ^ + 2 008 3 ^ . 008 2^' 

(Arts. 33, 34) 

sin3^ (l + 2oo82^) 
"^008 3^ (l + 2oo82ud[) 

= tan 3 A. 

3®. sin*-4 - sin*-B = (sin-4 + sin JB)(sin-4 - sin jB) 
«. A+B A-B ^ A+B . A-B 

= 28m — ;r — • 008 — T. • 2 008 — t;. — • Sin — -T 



^ . A^B A + B ^ . A-B A-B 

2sm — rr — • 008 — K — •2sm — ?r — • cos — :r — 



= sin (-4 + JB) . sin (-4 - jB). 
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4^ cos {A + B) . cos {A - B) 

= (oos-4 ooSjB - sin -4 sin J?) {ooqA oosjB + svaA . sm J?) 

= ooB^A ooB^B - sin*-4 . sin'J? 

= oos'^ (1 - siii»£) - (1 - oos'^) Bin"J? 

= oob'-4 - sm'jB. 

oos A Bin. A 
oot A + tan A sin A oos A 



6°. 



oot ^ - tan A oos A sin ^ 

sin ^ oos ^ 

_ oos'-4 + sin "-4 
oos*-4 - an*^ 



= 860 2A. 



oos 2^ 



tan .A. sm \y4 
6°. If in a triangle , ^ = . .^p , prove that the triangle 

is either isosoeles or right-angled.' Simplifying, we get 

tan A Bm^B = tan B . sin'^, 

sin-4 . ^p sin-B . ^ . 

7 . sin»-B= ^ . sinM ; 

oos A oos B 

.'. sin J? oos j3 s sin ^ oos ud[, 

sin 2J? = sin 2A. 

Henoe either 2jB = 2^ or 2J? + 2-4 « 180^ ; 

.-. either A = B, or -4 + 5 =90^ 

7^ The following useful relations oonneot the three 
angles of a triangle : 

ui + £+C=180^ 
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tan (ui + 5) = - tan C, 

tan A + tan B f /^ • 

1 - tan A . tan B ' 

.'. tan^ + tanjS = - tanC7 + tan^ . tanjS . tan (7; 

/. tanJl + tanJ? + tan (7 = tan^ . tanJB . tan C. 

8®. Also cos (-4 + jB) = - cos (7, 

oos^ oosjS - sin^ . sin J? = - 008 Cy 

oos^ cos j3 + COS (7 = sin ^ . sin J?. 
Squaring, 

oosM oos'J5 + oos'C + 2 COS -4 COS jB cos (7 
= sin'^ . sin'jB 
= (l-oosM)(l-oos»-B) 
= 1 - oos'-4 - oos'jB + oos'-4 oos'J? ; 
.-. oos'-4 + oos'J? + oos*(7 + 2 COS ^ . COS J? . COS (7 = 1. 

9°. Solve the equation a oos^ + isin^ = c, 
aoos^ = c - JsiniP, 
a' oos'iP = c' - 2hc sina? + V Bin*«. 
a\l - sin'i») = c* - 2 Jc sin a? + J' sin'a?, 
(a* + V) sin'a? - 2hc sin a? + (r* - a" = o ; 

. _ 2hc ± v/4y o' - 4(a^ + V){<? - g^) 
•• ^''''' 2(a^ + 6*) 
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Otherwise thus : acos^ + ismir = c, 



b . c 

cos ^ + ~ sin a; = -. 
a a 

Let - = tan 6. 

a 

/* 
then cos x + tan 6 .dax - - ; 

oosd?oos^ + sinA^sin^ »- cos ^, 

COS (a? - ^) = - cos (p. 

From which we obtain the value oi x - (p; but ^ is known 
from the equation tan ^ = - and, therefore we know x. 

Note. — The angle ^ thus introduced to facilitate calculation is called 
a Subsidiary Angle, 

W. The formula a^^V + <? - 2bc cos A. Art. 47 can be 
reduced^to a form adapted to logarithmic computation by 
means of a subsidiary angle ; substituting for cos A its 

value l-2sin»^ (Art. 27), 
we get 

a» = 6« + (j»-2fc^l-2sin»~^ 

= (J - c)* + 4 be sin' -^ 

4 be sin' ^ 
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4 be sin* -^ 
Let —77 ;r- - *wi* *• 

Then a» = (J - c)» (1 + tan^) ; 

a = (6 - c) . sec^; 
.•. log a = log {b -c) + log see ^ - 10. 

The equation for detennining ^ gives 
21ogtan^=log4 + logJ + logc + 21ogsin5- - 21og(J-c). 



Exercise. 

B ^ a Sain a /3 a 

If tan — -— =a ' — , then tan — = 4 tan -. 

2 5-3co8a 2 2 
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Examples for Practice. 

1. Prove geometrically -, = tan — -. 

° ' 1 + cos ^ 2 

1 — cos A j4. 

2. Prove geometncally — ; — — - = tan —. 

sin -^ u 

3. Prove geometrically the formuls in Articles 44, 45, 46. 

4. Show that sin 30'' 6' = -60126. 

6. Show that sin (180° + -4) = - sin ^. 

6. If tan -4 = a, and tan -8 = -, show that A -\- B = 90". 

a 

7. The earth, whose diameter « 7920 miles, suhtends an angle of 114' at 
the moon : calculate the distance of the moon from the earth. 

8. Write down the secants of the following angles, viz. — 

SO", 46", 60", 90", 120", 136^ 150", 180". 

9. The sides of a triangle are 2, \/6 + 1, 1 + ^/s. Calculate the angles. 

10. The sides of a triangle angle are 16, 20, 33. Calculate the area. 

11. If -4 = 30", 3 = 12, a = 6, is there any amhiguity ? 

12. If (? he the middle point of the side BC of a triangle, show tliat 
cot CBA - cot BCA = 2 cot COA. 

13. In a right-angled triangle, C7heing the right angle, show that 

^A b-\re 

cot — - = . 

2 a 

14. If two circles, whose radii are a and h^ touch externally, and if be 
the angle contained in the common tangents to these circles, show that 

4j«--4)jv/«* 
Sin B — - — , 

(« + *>« 

16. 16" = 46" - 30"; hence find all the trigonometrical ratios of 15". 

16. Find all the trigonometrical ratios of 105". 

17. The sides of a triangle are 13, 14, 15 : find the radii of the inscribed 
and escribed circles. Ans, 4, 10}, 12, 14. 

F 
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18. Show that the sum of the cotangents of the halres of the three angles 
of a triangle is equal their product. 

19. Show that one value of tan "*i + tan '*J = j. 

20. Show that one value of 2 tan '^\ — tan "* -f^, 

21 . Show that one value of 4 tan "* J = tan -* HJ. 

22. Show that one value of 4 tan "^ ^ — tan "* yj^ = — . 

4 

23. Prove geometrically that — = tan ~* « + tan"^ ( j . 

24. Solve the equation sin tf + cos tf = \/2. 

26. Solve the equation \/38intf + co8tf = v^2. 

26. In any triangle show that 

(« + i) cos C + (i + c) cos -4 + (tf + a) cos 5 = a + A + c. 

27. In any triangle show that 

A B 2e 

1 — tan— . tan — = 



2 2 a + 6 + 6 

28. Show that the area of a triangle = \ (a« sin 2^ + *' sin 2 A), 

29. Show that a cot ^ + ^ cot ^ + cot C = the sum of the diameters 
of the inscribed and circumscribed circles of any triangle. 

30. Show that — ——. — - — : — ; ; — - — = the diameter of the 

2 Bin ^ . sm i^ . sm 6* 

circle circimiscribing any triangle. 

31. In any triangle show that 

tan A a* + c* — A* 
tan J? ~ 3« + c3 - a*" 

32. Solve the equation tan~^ (2a?) + tan'* (3j?) = —. 

4 

IT 

33. Solve the equation sin "* (2x) + sin "* (Zx) = -. 

34. What are the greatest and least values of sine P 

35. What are the greatest and least values of versine P 

36. What are the greatest and least values of tangent P 

37. Prove that sin-* f + sin* f = ^ 
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38. If A-\-B + C=180% 

prove sinui + smj9 + sinC7=4cos— .C06--. cob — . 

2 2 2 

OQ T, sin -4 + Bin 5 ^ A-\^B 

39. Prove = tan . 

cos ui + cos J? 2 

40. Show that cot ^ - tan ^ = 2 cot 2^1. 

41. Show that 

M. I t ^ rr. tell A + tan B + tan C - tan A . tan J . tan C 

tan (^ 4- -B + (7) = . 

1 - tan -4 . tan ^ - tan -4 . tan C - tan ^ tan C 

42. Show that the angle whose ciroular measure is f (nearly) = 43°. 

43. Find x from the equation tan a; + cot a; = 2. 

44. Eliminate c between the equations 

a* = i* + c* - 2bc cos A, and 3» = a» + «?» - 2a<? cos B, 
and reduce the result to the simplest form. 

a sin C 

46. Prove tan A = ; -. 

— a cos C 

46. If tan -4 = ^, tan J = A, find tan (2ui - B). Ans. J. 

47. What angle is represented by the following expression ? 
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Sir 



tan"* •-+tan"i(l). Ans, — . 

48. Given tan —■ =2— \/3, find sin A. Ana. \. 

49. If sin (r + ^) » /:t sin r. Show that the circular measure of ^ is 
approximately equal to (/it — 1) tan r, when ^ is very small. 

60. If -4 = 60*, a = ^/a, i = ^^2, prove that 
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OPINIONS OF THE PRESS ON THE WORK. 

From **Thb Acadbmt" of July 31»<, 1880. 

Anothbb tribute to the fascination which these curves exercise over mathe- 
maticians. There is no strong reason against the subject coming early in the 
Student's course of reason, and, in view of some examinations from which 
the analytical treatment of the Conic Sections proper has been recently ex- 
cluded, we should advise a study of the parabola, at least, as useful in the 
subsequent study of projectiles — a branch retained in the examinations we 
have referred to. Dr. Griffin starts from the usual definitions of the 
curves, and treats of their properties in three chapters, like properties being 
similarly treated in the three cases. Tangents are treated from the EucHdian 
definition. On the parabola are given thirty-five propositions ; on the 
ellipse, forty-one propositions ; and on the hyperbola, forty-five propositions. 
We have read the proofs with interest, as they are clearly and elegantly 
demonstrated, and are not mere copies from the writings of others. Fiurther, 
there are several propositions which are new to us as text-book theorems. 
The ** get-up" of the work reflects credit on the printers. 

Frwn **Thb Dublin Evbning Mail." 

Ant contribution from the pen of Dr. Griffin, whose experience in teach- 
ing eminently qualifies him to estimate the requirements of a work designed 
for the use of Students, is certain to be regarded as an important and valuable 
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contribution to Mathematical liteiatura. The want of a comprehensive and 
conciae treatise on geometrical conies, free from iireyelant digressions, and 
intelligibly expressed, has long been felt. In the beautifully-condensed 
work before us the greatest care has been taken in reducing each proposition 
to its shortest and most logical form, that while redundance of expression is 
absolutely avoided, nothing is left unsaid which could be of the least assistance 
to the student in the elucidation of the work. Db. Gbiffin displays a great 
amount of originality in his method of treating tangents, and in extending 
the use of the auxiliary circle to the Hyperbola. Many ingenious and useful 
deductions of the author's are embodied in the numerous corollaries which 
are of the greatest v^ue. In the definitions of the curves alone Db. Gbiffin 
agrees with few other writers. His definition of the tangent and ordinate 
are designedly different; the demonstrations depending thereon are conse- 
quentiy quite novel, and, as it appears to us, much simpler than those of 
others. Db. Gbiffin has applied the use of the auxiliary circle to prove the 
properties of the conjugate diameters of the Hyperbola. Other writers have 
pronounced this application impossible. The properties of the inscribed 
quadrilaterals (the foundation of abridged notation in analytical geometry) 
follow in an extremely simple maimer, from theorems already demonstrated. 
The arrangement of the book is admirable. Every student will appreciate 
the value of the author's design in preserving, as far as possible, within the 
limits of each page the letterpress referring to the figures displayed thereon, 
and it is impossible to avoid referring to the beauty and clearness of the 
diagrams illustrating the work. These are imique in style, and strikingly 
easy to read. The book is altogether handsomely turned out, and its publi- 
cation is highly creditable to the University Press. The expense of publish- 
ing has been defrayed by the Board of Trinity College, whose voluntary 
action in this matter is in itself a flattering testimony to the value of the 
treatise, which we feel sure will stimulate all mathematical students to 
cultivate a more general knowledge of Conic Sections. Db. Gbiffin is well 
known to be the author of an excellent pamphlet entitied, ''Notes of 
Lectures on the Theory of the Steam Engine." 

From **The Athenjbum," 4/wt/ 10, 1880. 

Dr. Gbiffin, indeed, treats the Hyperbola by a very elegant, and to us 
novel, use of the so-called Auxiliary circle of the Hyperbola. 

The novelty of much, and the elegance of the whole, will attract and 
repay the reader who is already familiar with the subject. 
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